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Abstract
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1 Introduction

A common method of resolving disputes is compulsory arbitration. Arbitration is used
in labor contracts, international business transactions, divorce and child custody, security
regulations, and general commerce. Two commonly used arbitration rules are final offer
arbitration and conventional arbitration. Under final offer arbitration, the parties who
cannot agree on a solution to a dispute submit their proposals to the arbitrator who then
chooses one of these proposals as the binding solution. Under conventional arbitration,
the arbitrator is unrestricted in her choice of a solution given the parties’ proposals.!
The early proponents of conventional arbitration in the United States viewed it as
a superior alternative to costly strikes in labor disputes.?® Nevertheless, conventional
arbitration has been criticized for providing incentives for the parties to exaggerate their
proposals in order to influence the arbitration outcome and the final offer arbitration
procedure was suggested (Stevens 1966) as a means to pressure the disputants to make

more reasonable offers. Both the critique and the solution were later questioned by the

IFor a review of dispute resolution mechanisms, see Roberts (2007).

2An example is the enactment by the US Congress in 1963 of a compulsory arbitration statute to

avold a nationwide railroad strike (Stevens 1966).

3 Arbitration is not a novel tool of dispute resolution. In Ancient Greece, final offer arbitration,
for instance, was used during the trial of Socrates (Ashenfelter, Currie, Farber and Spiegel 1992), while
conventional arbitration was prescribed, although not followed, as the method of conflict resolution in the
Thirty Years Peace treaty between Athens and Sparta. See Roebuck (2001) for an account of arbitration

practice in Ancient Greece.



results in Crawford (1979), Farber (1980), Brams and Merrill (1983), and Gibbons (1988)
that conventional arbitration has a higher degree of proposal convergence than final offer
arbitration, leaving an open question of the rationale for the widespread use of final offer
arbitration in practice (Roberts 2007, Spier 2007).

In this paper, we provide an explanation for the prevalence of both arbitration rules:
We show that conventional arbitration is optimal if the utility of the disputing parties is
transferable, whereas final offer arbitration can be optimal if this is not the case. These
results are in line with the observation that final offer arbitration is often used in labor
market disputes, where one of the parties is either an employee or a labor union and thus
might be risk-averse or wealth constrained, while conventional arbitration is commonly
used for dispute resolutions between commercial companies who are more likely to be
risk-neutral and unconstrained in payments to each other.

Our approach differs from that in the existing literature in two respects. First, we focus
on welfare maximization rather than minimization of the disagreement rate. Second, we
study environments with and without transferable utility.*

The superiority of final offer arbitration in environments without transferable utility
is consistent with the fact that it has a higher degree of proposal divergence at the

arbitration stage. The divergence of proposals and the restriction that the arbitrator must

4The arbitration literature has predominantly focused on the environment without transferable utility.
See Crawford (1979), Farber (1980), Brams and Merrill (1983), and Gibbons (1988) and the references

therein. For an example of analysis with transfers, see Brams and Merrill (1991).



pick a side and cannot modify the proposals creates inefficiency and stochasticity in the
arbitration award. Crucially, this provides incentives for the parties to agree on a socially
optimal outcome prior to the arbitration. By contrast, under conventional arbitration, the
arbitrator is free to assign any award based on her inference from the parties’ proposals,
creating room for counterproductive attempts at strategic manipulation of the outcome
by the disputing parties.

The ranking of conventional and final offer arbitration is reversed in the environments
with transferable utility because transfers constitute an additional incentive tool. The
flexibility in providing incentives through transfers and the flexibility in the choice of
the arbitration outcome are complementary, rendering conventional arbitration a more
attractive mechanism.

In our model, the parties have conflicting preferences over the arbitration award and
are strategic. The socially optimal action is represented by an uncertain state. We model
arbitration as a two-stage game. In the first stage, the parties privately observe some
information about the state and make simultaneous proposals about the arbitration award.
If the proposals coincide, it is implemented. Otherwise, the parties enter arbitration by
making two new proposals to an arbitrator. The arbitrator observes the new proposals
and chooses an arbitration award; we assume that the arbitrator is not a part of and does
not observe the proposals made in the first stage. Under conventional arbitration, the
arbitrator’s choice is unrestricted. Under final offer arbitration, the action awarded must

coincide with one of the proposals. The arbitrator is benevolent and her payoff is given by



a utility function that is maximized at the socially optimal action. This model captures
environments in which the disputing parties have the decision rights over the action but
have conceded, in case of a disagreement, to use one of the arbitration procedures.

Before turning to the analysis of final offer and conventional arbitration, we take a
look at the benchmark of optimal arbitration rules that maximize the expected welfare.
By the revelation principle, optimal arbitration rules can be sought for among direct rules
in which the parties report their information truthfully and the rule implements a lottery
over actions and, possibly, a transfer contingent on the reports. Proposition 1 establishes
that in the environment with transferable utility there exists an arbitration rule that
implements a welfare maximizing action in each state. The construction of transfers,
which ensures incentive compatibility of this rule, is done using standard mechanism
design methods.’

A priori, implementing an optimal arbitration rule requires commitment. Providing
incentives for the parties to report their information truthfully might require, at least
sometimes, implementing an outcome that would not be optimal given the reports. By
contrast, conventional arbitration assumes no commitment — the arbitrator is free to
choose any award she considers desirable after observing the proposals. In Proposition
2, we observe that the optimal arbitration rule can be replicated through conventional

arbitration in an equilibrium in which the parties report their information to the arbitra-

°The (ex-post) efficient outcome is feasible in our model because there is no outside option for the

parties subjected to the arbitration rule and thus there are no individual rationality constraints.



tor, who imposes the optimal decision and the corresponding transfers. Commitment has
no additional value in this environment because the arbitrator is impartial about mone-
tary transfers between the parties. Given the optimal transfer schedule, it is optimal for
the parties to report their information truthfully and it is optimal for the arbitrator to
implement the socially optimal action.

The analysis of the environment without transfers is more difficult. We distinguish two
environments, with complete and incomplete information. In complete information envi-
ronments, the parties have identical information. This is the standard assumption made
in the literature (e.g., Gibbons 1988).% This assumption is meant to capture environments
in which there is a close relationship between the disputing parties as, for example, in case
of a union and a company arguing about wage, business partners arguing over an intended
interpretation of a contract, or a family in divorce proceedings deciding on the distribu-
tion of custody rights. In this environment, an optimal arbitration rule provides incentives

for the parties to tell the truth through punishment of disagreements. In Proposition 3,

6The assumption is also standard in the literature on cheap talk communication between a decision
maker and two informed agents in payoff environments similar to the one in this paper. It has been
made, for example, in Gilligan and Krehbiel (1989), Krishna and Morgan (2001a, 2001b), Battaglini
(2002), Levy and Razin (2007), Ambrus and Takahashi (2008), and Li (2008, 2010). The agents are
imperfectly informed in the models of Austen-Smith (1993), Wolinsky (2002), and Battaglini (2004).
Ambrus and Lu (2010) construct fully revealing equilibria robust to noise in cheap talk environments.
See also Li and Suen (2009) for a survey of work on decision making in committees; this literature often

assumes that different members of the committee hold distinct pieces of information.



we show that an optimal arbitration rule can be found among “constant-threat” rules in
which every disagreement in parties’ reports is punished by the same (stochastic) action
with a two-point support. This result is deceptively simple; the surprising part is that
the punishment is constant and independent of the exact nature of parties’ reports to the
arbitrator. The proof relies in a curious way on a minmax inequality and concavity of the
parties’ payoff functions. It proceeds by showing that in truthtelling equilibrium of any
arbitration rule there exists a best deviation for each of the parties and that there exists
a stochastic action that delivers a lower payoff than the best deviation simultaneously for
both parties. Hence, truthful reporting is also optimal in the modified constant-threat
rule in which any disagreement is followed by this action.

In Proposition 4, we show that the optimal arbitration rule can be implemented
through final offer arbitration. This result requires an additional assumption that the
preferences of the disputing parties are not too aligned. The idea is that the parties
behave spitefully at the arbitration stage and make extreme proposals that minimize
the payoff of their opponent. The arbitrator then randomizes between these proposals
replicating the constant-threat punishment in the optimal arbitration rule and providing
incentives for the parties to agree on an outcome prior to arbitration. Hence, final offer ar-
bitration weakly outperforms conventional arbitration. Furthermore, in the environments
in which the parties always prefer opposing extreme decisions, conventional arbitration

performs especially poorly and is strictly inferior to final offer arbitration (Corollary 1).7

"For some recent studies of conventional and final offer arbitration in different environments, see



Intuitively, final offer arbitration provides the arbitrator with more commitment power
to impose punishments for disagreements, as compared to conventional arbitration. This
difference becomes relevant in the environments without transfers where it may not be
feasible to implement socially optimal outcome in each state.

We study incomplete information environments in Section 4.4. Unfortunately, the
analysis of optimal arbitration rules and final offer arbitration rule for arbitrary noise
structures has proven intractable. We, therefore, focus on a restricted class of informa-
tion structures. Specifically, we consider environments in which the support of parties’
information is discrete and study performance of final offer arbitration in the limit as the
information structure converges to that of complete information. In Proposition 6, we
construct a constant-threat arbitration rule that is incentive compatible in the noisy en-
vironment and implements an outcome that converges to that of the optimal arbitration
rule under complete information as the noise vanishes. In Proposition 7, we show that
in spite of the noise this rule can be implemented through final offer arbitration. The
crucial part of the proof is a construction of the incentives for the arbitrator to randomize
between the parties’ proposals after a disagreement. Unlike in the environment with com-
plete information, disagreement is not an out-of-equilibrium event and we do not have

the freedom of assigning out-of-equilibrium beliefs that make randomization optimal.® In

Hanany, Kilgour and Gerchak (2007), Olszewski (2011), and Yildiz (2011).
8 As pointed out by Battaglini (2002) in the context of cheap talk communication between two perfectly

informed agents and a decision maker, the equilibria in complete information environments might contain

implausible out-of-equilibrium beliefs. This issue is avoided in the noisy environments.



equilibrium, the disputing parties randomize over their proposals in a manner that induce
beliefs which make the arbitrator indifferent about approving of the proposals. We also
need to provide incentives for the parties to randomize; this is possible by requiring the
parties to randomize only in a subset of extreme states.

Our model of arbitration is related to that in Gibbons (1988), who studies conventional
and final offer arbitration in a similar environment and, by contrast to our model, shows
that conventional arbitration is superior to final offer arbitration. In Gibbons (1988), the
arbitrator observes a noisy private signal about the state; the parties are risk-neutral, and
their preferences are state-independent (we do not require the latter assumption, except
in Section 4.3). Our results are different because we model final offer arbitration as a two-
period dynamic interaction in which arbitration is preceded by negotiation, whereas there
is no negotiation stage in Gibbons (1988). This allows separating disagreement at the
negotiation stage from the punishment at the arbitration stage and gives the arbitrator
more flexibility in providing incentives for the parties to agree on an optimal outcome.

A number of papers explore arbitration procedures different from final offer and con-
ventional arbitration: combined arbitration (Brams and Merrill 1986), final offer arbitra-
tion with a bonus (Brams and Merrill 1991), double-offer arbitration (Zeng, Nakamura
and Ibaraki 1996), amended final offer arbitration (Zeng 2003), closest-offer principle
arbitration (Armstrong and Hurley 2002), etc.? This literature focuses on incremental

improvement of the existing arbitration procedures and their relative performance; char-

9See Armstrong and Hurley (2002) for a review.



acterization of optimal arbitration rules is left open.

There is a connection between the model in this paper and the cheap talk literature
with two privately informed agents and a decision maker (Krishna and Morgan 2001b,
Battaglini 2002, Ambrus and Takahashi 2008, Ambrus and Lu 2010).1° As we discuss
it in Section 4, any outcome of cheap talk communication between the disputing parties
and the arbitrator can be implemented through conventional arbitration, whereas the
converse is not necessarily true, because the arbitrator cannot overrule the outcome if
the parties agree prior to arbitration. The literature on cheap talk has focused on es-
tablishing conditions under which the decision maker can achieve the first best outcome
of implementing the optimal action in each state (Krishna and Morgan 2001a, Krishna
and Morgan 2001b, Battaglini 2002, Ambrus and Takahashi 2008).!! We are interested
in the performance of the specific arbitration procedures against the benchmark case in
which the arbitrator has full commitment power, regardless of whether the first best out-
come is implementable. The problem of optimal decision rules for two agents with private
information has been studied in Martimort and Semenov (2008). Our models and ap-
proaches are quite different. In particular, they focus on agents who are biased in the

same direction and consider dominant strategy implementation. Our paper is also related

10Crawford and Sobel (1982) is the seminal reference on cheap talk communication with one agent.
For models of cheap talk communication with two agents see also Krishna and Morgan (2004), Battaglini

(2004), Li (2008, 2010).

"The models in this literature are predominantly static. An exception is Esé and Fong (2010), who

show that the first best outcome can be implemented in a dynamic cheap talk environment.



to Battaglini (2004) who considers a multidimensional environment with multiple agents
and noisy signals. Battaglini shows that minimal commitment power is sufficient to im-
plement an outcome arbitrarily close to the first best as the number of agents becomes
sufficiently high.

The remainder of the paper is organized as follows. Section 2 describes the model. We
study the environment with transfers in Section 3 and the environment without transfers

in Section 4. The proof omitted in the text is in the Appendix.

2 The Model

There are two agents ¢ = 1,2 and a benevolent arbitrator : = 0. The agents have decision
rights over an action from set Y = [0, 1]. In addition, the agents might be able to transfer
utility by making a payment; let ¢ denote the net payment from agent 1 to agent 2. We
consider two environments, with unrestricted transfers, ¢ € R, and without transfers,
t=0."2

The parties have conflicting preferences and are strategic. In addition, they have

unverifiable private information. For instance, in labor contract disputes over wages

12Transferable utility is a good assumption for environments in which the disputing parties are risk-
neutral, liquidity unconstrained, and able to exchange monetary payments. In practice, there are multiple
reasons that might make utility only partially transferable, such as risk-aversion, legal restrictions on
payments, and limited liability. The environments with and without transferable utility, thus, represent

the two polar benchmark cases.

10



and international trade disputes over quotas, their private information can describe their
understanding of the original agreement upon wage or quota, while in a dispute about
child custody the private information might reflect the parents’ opinion about the relative
allocation of custody rights that would be optimal for the well-being of the child.

Formally, each agent observes a private signal x; € X; C Y. The signals are distributed
according to a joint cumulative probability distribution F' with the support on a subset
of X; x Xy € X = [0,1]>. Let F(-) denote the marginal of z; and F_;(-|z;) denote
the posterior cdf of xz_; conditional on z;. We will also consider an environment with
complete information in which the agents’ signals are perfectly correlated, x; = x5 for all
(1, x9) € supp(F).

The agents’ payoffs are quasilinear functions

ur (21, 2, y) — t, w21, 22,y) + L.

The arbitrator is benevolent and maximizes the utility function wy(z1, x2,y). The utility
function wug captures the preferences over the state-dependent socially optimal action and
can include interests of the third parties and the society at large. For instance, it might
reflect the welfare of the child, ignoring the preferences of the parents, or it may be
equal to a weighted sum of the functions u;, where ¢ = 1,2, of the disputing parties.
Note the assumption that the arbitrator is impartial about the allocation of transfers.
This assumption is innocuous if there are no transfers, if the arbitrator is unconcerned
about the payoffs of the disputing parties, or if their payoffs are given equal weight in the

consideration of the arbitrator (e.g., ug(z1,x2,y) = ui (1, x2,y) — t + us(x1, T2, y) + t).

11



If, however, the arbitrator were to care disproportionally about the utility of one of the
parties, the assumption would impose a restriction.!

For the environments with complete information, we denote the payoff functions, with
some abuse of notation, by u;(z,y). We assume that u;(x1, 22, y) is continuously differen-

tiable on X x Y, strictly concave in y, ¢ = 0, 1, 2, and that the agent’s payoff satisfies the

single-crossing condition

24,
a uz(xlax%y) Z 07 i = 172
0x;0y

In addition, for each ¢ function u; has a unique maximizer y;(z;,x2) that is continuous

and non-decreasing in its arguments.

Finally, the agents have opposing biases relative to the arbitrator,
yi(x1,22) < yg(x1,x2) < yy(x1,22), for almost all (z1,29) € X (OPy)

For example, in the labor dispute one party may prefer the lowest possible wage while
the other may prefer the highest possible wage, whereas in the child custody setting the
parents may be biased in the direction of having more access to the child than would be

in the interest of the child.

13With unequal weights, the arbitrator effectively has redistribution concerns and the optimal outcome

is simply to assign an infinite transfer from one party to another, trivializing the role of choice of y.

4The standard assumption in the arbitration literature is that conflict of preferences is extreme: in
each state, one party prefers the lowest action, whereas the other party prefers the highest action. Our

model is more general and allows for non-trivial state-dependent preferences.

12



For some results we will also assume that the agents have a sufficient conflict of
preferences in the sense that their preferences over extreme actions are opposite for all

signal realizations,
ur(z1,22,0) > ur(wy,29,1) and ug(w1,29,0) < ug(x1,22,1) for all (z1,22) € X (OPy)

Let Y denote the set of distributions on Y (randomized actions). A direct arbitration
rule with transfers is a pair (u,7), where g : X — ) is an action rule and 7 : X — R
is a transfer rule. A direct arbitration rule induces a game, in which after observing z;
and x5 the agents simultaneously make reports Z; € X; and action u(#q,22) and transfer
T(Z1, &) are implemented.

Denote by Ul (z;, Z;) the expected utility of agent i under action rule y if her signal is
x; and her report is z;, provided the other agent reports the truth, z_; = x_,,

Ul (z,8;) = / Wi, @, p(Z, ;) )AF_; (2] x;).

T_;€Y

Similarly, let 7;(Z;) be the expected transfer from agent i to her opponent under transfer

rule 7 if she reports z; and the other agent reports the truth,

Tl(fil) = / YT([lAfl,fEQ)dFQ(IEQ‘i'l) and 7'2(52’2) = —/ YT(iLj,[i’Q)dFl(xl’flAﬁg)
To€ T1€

We consider Bayesian incentive compatible arbitration rules in which truthtelling, z; = x;,
is optimal for all realizations of signals, provided the opponent’s reports are also truthful,

ie, forall x,z € X; and i = 1,2,

Ul(z,x) —1(x) > Ul (x,2) — 7:(2). (IC)

7



By the revelation principle, any equilibrium outcome of the agents’ interaction in a
game whose space of outcomes is a space of probability distributions over Y and transfers
can be represented by the truthtelling equilibrium outcome in some incentive compatible
arbitration rule.

A direct arbitration rule p is optimal if it maximizes the expected payoff of the arbi-
trator,

v = Eug(z, p(z1, 22)),

among all incentive compatible direct arbitration rules. Since the set of incentive com-
patible direct arbitration rules is compact in weak topology and v* is continuous in p, an
optimal direct arbitration rule exists.

The revelation principle justifies our focus on truthtelling equilibria. Nevertheless,

optimal arbitration rules could permit multiple equilibria.

3 Arbitration with Transfers

We start with an environment in which transfers are allowed, 7(x1, z2) € R. Consider the
following example with complete information environment, z; = 25 =2 € X; = X, = X,

in which the arbitrator’s payoff function is a weighted sum of the agents’ payoffs net of

transfers,

Uo(l’,y) E’yul(JI,y)—f—(l—’y)UQ(I,y), v E (071) (1)
In this environment we can implement the arbitrator’s most preferred action yi(z) =

14



yi(x,z) for each 2 € X. To see the intuition, imagine that we pick some action § and
assign it after any disagreement between the agents. We can now provide incentives to one
of the agents to report his information truthfully by paying him the difference in his payoff
from the arbitrator’s optimal action y;(z) and what he can obtain by the deviation to .
This payment must be charged to the other agent, making him the residual claimant and
implying that this agent prefers to report the truth if and only if the sum of the agents’
payoffs uy(z,y) + us(x,y) is greater under yj(z) rather than g. If v = 1/2, the result
follows. For other values of v, we need to find an appropriate 3. This can be done, as the
following argument shows.

Let p(z,z) = yi(x) and u(xy,z2) = y whenever xy # x9. The transfer is such
that agent 2 is always indifferent whether to report the truth or not, specifically, we
set T(z,x) = us(x,y) — us(x,ys(x)) and 7(x1,x2) = 0 whenever x; # x5. The only

relevant incentive constraint is that of agent 1,
ul(x,,u(x,x)) - T(I,ZE) > ul(xmu(ilax)) - T(‘%17I>7 x,x1 € X? T 7& €.

Under this rule it is equivalent to

ur (%, 49 (%)) + ua(, 45 (2)) = ua (2, 9) + ua(x, 9), = € X. (2)

Note that all this constraint requires is that the surplus from implementing the arbitrator’s

optimal action exceeds the surplus from threat action g in each state. By choosing gy

sufficiently extreme, we ensure that (2) is satisfied. Let 7 < 1/2. Choose § = max yj(z)
rzeX

and denote by y(z) the maximizer of u;(x,y) + us(z,y). Observe that yj(z) coincides

15



with g(z) for v = 1/2 and with y;(z) = argmaxus(z,y) for v = 0. Then, by (OP;) and

continuity of uy w.r.t. y and v and by the Maximum Theorem,
y(r) <yp(x) <ys(z) forallz € X.

But then (2) is satisfied, since u;(z,y) + uz(x,y) is concave in y and is maximized at
y(x) < yi(r) < g = maxys(x). For the case of v > 1/2, we set the threat action to be
zeX

g = miny(z) and repeat the argument.
rzeX

We now consider environments with imperfectly correlated signals and more general

arbitrator’s preferences. Let u*(x1, z2) = yi(x1, z2) and
T*(Il,ZL’Q) = 7_'1([E1) — 7_'2(ZL'2),

where

" oorTh Y
7i(z) = Ul'(z, x) —/—ana(?z) ds — / Uz, z) —/—8Ui;;’z)

0 ey 0

ds| dFy().

zZ=s

Note that the expected transfer is normalized to be equal to 0,

E[7(2)] = / () dFy(z) = 0.

Proposition 1 In the environments with transferable utility, there exists an incentive

compatible arbitration rule that implements the arbitrator’s preferred outcome, yi(x1, x2)

for all (xq1,29) € X.

Proof. Substituting

x " R
Ul(z,2) = U;(@,@H/wds
S

T

16



and the expressions for transfers in (IC), we get that (IC) holds if and only if for all

T

x,i’EXi,z'zl,Z

u
_M)ds > 0.
0s

zZ=S

Expanding this condition, we get

OPui(s, x_i,y5(z,0-4)) Oy (2, x_;)
(| >
/ / / 950y 5 dz | dF_;(z_;|x;)ds > 0,

T x_;€Y T

which holds by the single-crossing property of the agents’ utility functions and monotonic-
ity of y5. m

The arbitration rule (u*,7*) that implements the arbitrator’s most preferred action
for each realization of signals can be implemented via conventional arbitration. We define
conventional arbitration as a game in which both parties simultaneously and publicly
make negotiation proposals y; € Y. If the parties agree on some action y, y1 = yo = ¥,
then that action is implemented. Otherwise, the arbitrator chooses an action y and a
transfer 7; this choice should be sequentially rational given her equilibrium beliefs. For
simplicity, we assume that the arbitrator does not observe the proposals made in the first
stage; this assumption is not essential.'®

In equilibrium of conventional arbitration game, the agents communicate their signals
truthfully by proposing y; = x;, 1 = 1,2. The arbitrator believes that the state is given
by the agents’ reports, implements action p*(y1,y2), and sets transfer 7*(yy, y2). Truthful

reporting is optimal by incentive compatibility of (u*,7*). Thus:

15The solution concept for this and other games considered in this paper is perfect Bayesian equilibrium.

17



Proposition 2 In the environments with transferable utility, conventional arbitration can

implement the arbitrator’s preferred outcome, yi(x1,xs) for all (z1,x2) € X.

4 Arbitration without transfers

We now consider environments in which transfers are not allowed, 7(xy,x2) = 0 for all
(x1,m9) € X. We first present the results for the environment with complete informa-
tion, 1 = 23 = = € X; = X, = X and then consider environments with incomplete
information. Throughout this section we assume that conditions (OP;) and (OP5) hold.
Condition (OP;) imposes structure on the direction of the biases of the disputing parties
and is important for the results. Condition (OP3) requires that the interests of the par-
ties are not too aligned. It simplifies the characterization of the optimal arbitration rules
in Section 4.1; the results, however, extend to the environments in which this condition
does not hold. The condition is important for the results on the superiority of the final
offer arbitration in Section 4.2. It is used to ensure optimality of the parties’ “spiteful”

behavior at the arbitration stage.

4.1 Constant-Threat Arbitration

Absent transfers, we need a different means to provide incentives for the agents to be
truthful. In complete information environments, the agents have the same information

about the state, and the truthful reports must be identical. In order to motivate each

18



agent to agree with the other agent in a truthtelling equilibrium under an arbitration
rule, the rule must punish disagreements. The difficulty here is that if a disagreement is
observed, it is unclear which agent, if any, tells the truth. As a result, a punishment after
a disagreement may depend non-trivially on the agents’ reports.

Consider the following arbitration procedure called constant-threat arbitration. The
agents learn the state and then simultaneously propose actions (yi,y2). If the agents
agree on an action, y = y; = s, then y is implemented; if the agents disagree, then
the arbitrator implements a constant threat lottery with support on extreme actions 0
and 1 which is independent of the proposed actions. We show that any optimal direct
arbitration rule without transfers can be implemented through constant-threat arbitration

with a properly chosen threat lottery.

Proposition 3 Consider the environment with complete information and no transfers.

Then, an optimal arbitration rule can be implemented via constant-threat arbitration.

To see why this is true, consider an optimal direct arbitration rule u. Recall that
i is incentive compatible, that is, for every state z € X, reporting the truth is a Nash
equilibrium, #; = 25 = x. First, observe that concavity of the agents’ payoff functions
implies that any lottery over actions implemented after a disagreement, u(xy, z2), r1 # x2,
can be replaced by some lottery p, (s, ) With support on {0, 1} without affecting incentive
compatibility.

If it so happens that the same replacement lottery p* can be used for all lotteries

19



(1, ), the construction of the equivalent constant-threat arbitration rule is straight-
forward: We assign lottery p* to any disagreement and ask the agents to propose the
action y1(x) = yo(z) = p(x,x). Then, incentive compatibility of p implies that proposed
strategies constitute an equilibrium in the constructed constant-threat arbitration rule.

We now prove that such a p* exists. We have just argued that without loss of generality
we can assume that any disagreeing reports xy and x5 result in a lottery with support on
{0,1}. Let P(x1,25) denote the probability this lottery assigns on action 1. By (OP,),
agent 1’s utility from a lottery on {0,1} that assigns probability p on 1 is decreasing
in p, whereas agent 2’s utility is increasing in p. Let p = sup,inf,, P(zy,z) and p =
inf,, sup,, P(z,r2). For any state z the minimal value of P(x1,z) that can be secured by
agent 1’s deviation in y is weakly greater than p, and by incentive compatibility of x1, agent
1 prefers action u(x,z) to that lottery. Hence agent 1 prefers p(z,x) to any constant-
threat lottery that assigns probability p* > p on action 1. The symmetric argument holds
for agent 2 with p* < p. Finally, since maximin does not exceed minimax, there exists p*
such that p < p* <p. The full proof is deferred to the Appendix.

Unlike in the environments with transferable utility, optimal arbitration rules might
be unable to implement the arbitrator’s most preferred action in each of the states. Nev-
ertheless, optimal arbitration rules share some qualitative properties.

Let us normalize the arbitrator’s bliss point to satisfy

yolz,x) =z, zeX.

Consider an optimal constant-threat rule in which after a disagreement action 1 is imple-
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mented with probability p. By concavity of payoff functions, in state x = p, both agents

prefer action y = p to the threat lottery,

ui(p, p) > pui(p, 1) + (1 — p)ui(p, 0).

This implies that an optimal rule implements the most preferred alternative for the arbi-
trator, pu(z,x) = x, at least in state x = p. In addition, since the agents’ payoff functions
are strictly concave, we obtain p(z,z) = x whenever = belongs to a proper interval con-

taining p € (0,1).

Observation 1 An optimal arbitration rule implements the socially optimal alternative

of the arbitrator on an interval in'Y .

We now describe the structure of an optimal arbitration rule in states where the
outcome differs from the arbitrator’s most preferred action. For a given probability p of
action 1, let X ? be the set of states in which agent ¢ strictly prefers the threat lottery to

the socially optimal action,
XP ={z€0,1] : u(x,x) < a(x,p)},
where u;(z,p) is agent i’s expected payoff from the threat lottery p,
w;i(z,p) = (1 — p)ui(z,0) + pu;(z, 1).

Hence, X?U X? is the set of states where implementing arbitrator’s most preferred action

is not incentive compatible.
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Observation 2 For any state x in Xf U X;’, the incentive constraint of only one of the

agents is violated, i.e., X' N XY = &.

Proof. By (OPy), yi(z,x) < y5(z,z) =z < y3(x,x) for almost all z € Y. If p > x, then
agent 1 prefers action x to action y = p and hence to the threat lottery. Otherwise, agent
2 prefers x to the threat lottery. Hence, at least one agent prefers x to the threat lottery.
|

Thus, an optimal constant-threat rule stipulates to choose action u(x,z) that is the
“closest” point to x (from the perspective of the arbitrator) subject to the incentive
constraints for the agents. Since at every state x € )N(f only agent i’s incentive constraint
is relevant, we obtain

p(z,z) € argmax  wuo(z,y).
v ui(z,y) Ui (z,p)

That is to say, the arbitrator will distort the implemented action, p(z,z) in favor of the
agent whose incentive constraint is binding, such that this agent is indifferent between

wu(z, z) and the threat lottery.

4.2 Final Offer Arbitration

We now show that in the environment without transfers the optimal arbitration rule can
be implemented via final offer arbitration. Let the agents simultaneously propose actions
(y1,y2). If the agents agree, y; = ys, then the agreed action is implemented. Otherwise,

they enter arbitration by proposing actions (21, z2) to the arbitrator who then chooses the
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one of these two actions that maximizes her utility w.r.t. her ex-post beliefs about the
state. We assume that the original proposals (yi,y2) are not observed by the arbitrator.®

Final offer arbitration replicates the optimal constant-threat arbitration rule as fol-
lows. At every state x, in equilibrium the agents propose y; = yo = p(x,z). After a
disagreement agents behave spitefully and propose extreme actions, 21,2 € {0,1} that
are least preferred by their opponent: agent 1 proposes action 0 and agent 2 proposes
action 1 to the arbitrator. Then, if (21, 22) = (0, 1), the arbitrator implements the optimal
threat lottery p* on {0, 1}; otherwise she chooses the more extreme of the two proposed
decisions with probability one. By Proposition 3, this strategy makes truthful reports at
the settlement stage incentive compatible. Disagreement is out of equilibrium, hence we

choose the beliefs of the arbitrator such that the above strategy is sequentially rational.

Proposition 4 Consider the environment with complete information and no transfers.

Then, an optimal arbitration rule can be implemented via final offer arbitration.

Proof. Let p be an optimal constant-threat arbitration rule, where p* denotes the threat
lottery with support on {0, 1} that puts probability p* on action 1. For every pair of

arbitration proposals (21, 22), let z* = max{zy, 20} and z, = min{z;, 20}. Consider the

16This assumption makes the game and analysis simpler by restricting the structure of the arbitrator’s
information sets. The restriction is relevant for the environment with noise in which arbitration occurs
on the equilibrium path. We expect that the results continue to hold in the environment in which the
arbitrator observes the first stage proposals at the cost of the increased complexity of the agents’ mixing

strategy after observing extreme states (see Section 4.4).
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following strategies. If z* # z,, the arbitrator chooses action z* with probability
4

0, if z, <1— 2%,

* —_— .
(24, 2%) = 1, ifz, >1-—2%

p, if z, =1— 2%,
(

In the negotiation stage, the parties propose y; = y» = pu(x,z). In the arbitration stage,
the parties propose z; = 0 and 2o = 1. By Proposition 3, these strategies implement the
outcome of the optimal arbitration rule.

Furthermore, since arbitration is off the equilibrium path, there is freedom in assigning
beliefs about x after a disagreement. To make the arbitrator’s behavior a best response,
we construct her beliefs by assigning probability ¢ on 1 and probability 1 —¢ on 0, in such
a way that z, is preferred to z* (e.g., ¢ = 0) if z, < 1 — z* and z* is preferred to z, (e.g.,
qg=1)if z, > 1 — z*. Furthermore, if z, = 1 — z*, the concavity of the arbitrator’s payoff

function implies that there exists ¢ such that

(1 = q@)uo(0, 2:) + quo(1, z:) = (1 — q)uo(0, 2") + quo(1, 2%),

in which case the arbitrator is indifferent between choosing z, and z*, and hence any
lottery is a best response.

To establish optimality of the agents’ behavior, note that at the arbitration stage a
deviation to any non-extreme action in (0, 1) is ignored, and a deviation to the opposite
extreme will lead to implementation of that extreme action with certainty, making the

deviant weakly worse off by (OP,) (say, if agent 1 deviates to action 2z} = 1, then (21, z2) =
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(1,1), so the arbitrator must implement 1, the least preferred outcome of agent 1). Finally,
note that in the constant-threat arbitration rule each agent prefers y = u(x,z) to the
lottery outcome. m

The key difference between this model and those in Farber (1980) and Gibbons (1988)
is that we explicitly introduce the negotiation stage. Hence, the negotiation and the
arbitration proposals become separated, which allows final offer arbitration to implement

the outcome of the optimal arbitration rule.

4.3 Conventional Arbitration

We now consider conventional arbitration, in which both parties simultaneously and pub-
licly make negotiation proposals y; € Y and the arbitrator chooses an action y if and
only if their proposals disagree. Note that conventional arbitration can implement any
equilibrium of cheap talk game in which two parties simultaneously send messages to
the arbitrator about their information, who then chooses an action that is sequentially
rational given his posterior beliefs (Krishna and Morgan (2001b), Battaglini (2002)). The
converse need not be true because the arbitrator cannot overrule an outcome if the parties’
proposals agree.

We say that conventional arbitration is (weakly) inferior to final offer arbitration if
the arbitrator’s maximal expected payoff is (weakly) lower under conventional arbitration

than under final offer arbitration. By Proposition 4:
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Proposition 5 Consider the environment with complete information and no transfers.

Then, conventional arbitration is weakly inferior to final offer arbitration.

Under conventional arbitration, only deterministic actions can be sequentially rational
for the arbitrator, since her utility function is strictly concave. That is, punishment by
randomized actions is impossible. So the ability of the arbitrator to provide incentives
is substantially limited as compared to final offer arbitration, where the incentives are
provided by a lottery over extreme actions.

We now consider a class of environments where conventional arbitration is strictly

inferior. Suppose that
ui(z,y) is strictly decreasing and uy(x,y) is strictly increasing in y for all z € X. (M)

That is, irrespective of the state, the most preferred actions of the agents are the opposite

extremes. Then:

Observation 3 In complete information environment without transfers, where (M) holds,

conventional arbitration implements a constant action in Y .

Proof. W.l.o.g. we can consider equilibria in pure strategies in which the agents agree
with probability one. Indeed, let ¢ be a stochastic outcome of some equilibrium at some
state x. Modify the strategies in state x by making the agents propose the expected value
of y and keeping the rest of the strategies intact. Then, by concavity of payoff functions,

the modified profile of strategies constitutes an equilibrium.
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We now show that in every equilibrium the implemented action is state-independent.
Consider an equilibrium where y(z1, z2) denotes the arbitrator’s action after disagreeing
proposals (z1, z2). We now construct an auxiliary zero-sum game. The payoffs of agents 1
and 2 in this game are given by —y(z1, 22) and y(21, 22), respectively. By (M), these payoffs
represent the same ordinal preferences of the agents as their real payoffs at every state.
Let y, be the value of this game; its existence is implied by the existence of equilibrium
in conventional arbitration. Then, y, is the best action that can be secured by each agent
. Agent 1 can agree only on actions y > y, and agent 2 can agree only on actions y < y,,.

Consequently, the only implementable action is y,.!" =

Corollary 1 Consider the environment with complete information and no transfers and

let (M) hold. Then, conventional arbitration is strictly inferior to final offer arbitration.

Proof. The proof follows from Observation 1 and Observation 3. m

4.4 The Environment with Noisy Signals

We now return to the model in which the agents’ information is incomplete. We assume

that X; = X is the discrete grid with step 1/K for some integer K:

X1:X2:)_(:{:L'O,xl,...,xK_l,xK} (G)

"Note that every yp € Y can be supported in equilibrium. As disagreement is out of equilibrium, we
can set the arbitrator’s posterior beliefs such that the agents’ messages are ignored and y, is the optimal

action conditional on disagreement, so y(z1, 22) = y, for all (21, 22).
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where 2 = 0,28 = 1,2 — 21 =1/K forallk=1,..., K, and K > 1.

We consider the case where the agents’ signals are correlated and study the limit to
complete information environment. The amount of noise in the agents’ signals is measured
by

d=1inf{e >0 : Prlla; —xs| > ] <e}.

The following notations are in order. Let fs(x1,22) be the joint probability distribution
over X2, where ¢ indicates the amount of noise. We study the limit fs(z1,z2) — fo(x1, 72)
as & — 0.8 Let fis(z) = > u;ex fo(xi,x;) be the marginal probability that ¢ receives
signal z;, and let f;s(v;|z;) = f5(zi,2;)/ f;5(z;) be the probability that signal of i is
conditional on j having received x;.

Denote by Us(u) the ex ante expected payoff of the arbitrator under rule p in the envi-
ronment with the amount of noise § > 0 assuming that the agents report their information

truthfully,

Us(p) = Z up(w1, T2, (1, 22)) f5(21, 22).

ml,mQEX

The next proposition asserts that there is no discontinuity in the performance of
constant-threat arbitration rules in noiseless environment and noisy environment with

small noise.

Proposition 6 For every K, there exists a sequence of incentive compatible constant-

threat rules fi5 such that Us(fis) — Ug(uo) as § — 0.

18That is, we consider a convergent sequence of joint probability distributions {fs, } such that §,, — 0

and f5, — fo pointwise as n — oo.
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Proof. Let py be an optimal constant threat rule for the environment with zero noise,
0 = 0, and let p be the probability of action 1 in the constant threat lottery in this rule.
Next, let fis be an incentive compatible constant-threat rule in the environment with noise

that has the same constant threat lottery, p, and

[L(; € argminZ(,uo(:v,m) - u(m,x))Q.

" zeX

Such a rule exists since the feasible set of rules satisfying the constraints of the problem
is not empty and contains, in particular, the constant threat rule that us(x,z) = p.

The incentive constraints for jis are

fio(@ilwi)wi(ws, v, fis (i, ) + Z fio(@j|zi)ui (2, 25, p) (3)
;AT
> fio(@ilwi)ui(z, i, fis (2}, 77)) + Z fis(jle)ti(z, x5,p), w2 € X, i=1,2,
xjF#x]

where w;(z1, x2, p) denotes agent i’s expected payoff from the threat lottery,
ﬂi(xlv x?ap) = (1 - p)ui(ajla X2, 0) + pui(xl7 X2, 1)

They can be, equivalently, rewritten as

) ~ _ >fz,5($;|xz) VAP /A — /
wi (i, i fs(Tis T3)) — Wi, 25, p) > == (wi(@y, 25, fis (5, 23) ) — (i, 5, p))

— fis(wilzi)
for all z;, 2} € X.

Recall that pg satisfies u;(x, z, po(z, x)) — w;(z, z, p) > 0; furthermore, by Observation

2, this constraint is satisfied with slack for at least one agent. Therefore, since FAEAEn)

% — 0 as 0 — 0, we have fis — po uniformly.
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The result now follows from the continuity of ug in y, since the expected payoff of the
arbitrator under rule jis is equal to

Us(fis) = Zf5(x,x)uo(:c,m,/)5(x,x)) + Z fs(x1, w2)to(1, 2, p).

xeX T1FT2

In complete information environments, an optimal constant-threat arbitration rule
Mo can be implemented via final offer arbitration. The difficulty of implementing the
analogous incentive compatible rule fis in the environment with noise 4 > 0 is that the
arbitration stage is reached with a strictly positive probability, hence the arbitrator’s
beliefs cannot be arbitrary. Yet we can adjust strategies of the agents by letting them
randomize their proposals in case of receiving extreme signals, z; € {0,1}, that alter
the posterior beliefs of the arbitrator such that she is indifferent between the two extreme
proposals. The reason why at least one agent finds it optimal to randomize after receiving
an extreme signal is that this agent’s incentive compatibility constraint is binding and he
is indifferent between the action after an agreement and the stochastic threat action after

a disagreement.

Proposition 7 For every K, there exists a sequence of equilibrium outcomes ps in final

offer arbitration with the arbitrator’s payoff Us(ps) such that Us(ps) — Uy(po) as 6 — 0.

Proof. We replicate the final offer arbitration equilibrium construction of the constant-
threat rules jis in the proof of Proposition 6, with one modification. In the first stage,

the agents make proposals y; = fis(z;, x;), except for ¢ = 1 when x; = 1, or i = 2 when
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x9 = 0. We will describe the remainder of the agents’ strategies in the first stage below.

At the second stage, on the equilibrium path, agents 1 and 2 propose z; = 0 and
zo = 1, and the arbitrator randomizes between 0 and 1 with probabilities (1 — p,p). If
either agent deviates at the second stage, this is out-of-equilibrium behavior, so the beliefs
of the arbitrator are exactly as in the proof of Proposition 4. Otherwise, the beliefs of the
arbitrator are given by the Bayes rule.

To construct the agents’ behavior at the settlement stage for the extreme signals,
consider the hypothetical environment in which the agents propose y;(z;) = fis(z;, x;) for

all z; € X;, including the extreme signals. Let Hs be the probability of disagreement,

Y1 7’é Y2,

Hs=1-— Z ]‘{[Lé(ﬂ?l7x1):ﬂ5($27$2)}f6<x1?1'2) <1-— Z f(;(l’,[L’) < 4.

xl,xzeX zeX

The posterior beliefs of the arbitrator conditional on a disagreement in this environment

are given by the joint probability distribution hs:

fs(z1,22)

Hy, fis(1, 1) # fis(z2, T2)
0, otherwise.

There is no a priori reason for the arbitrator to be indifferent between actions 0 and 1
given these beliefs. Suppose that given hs the arbitrator prefers action 1 to action 0. (The
construction for the other case is symmetric.)

Case 1. Assume that in jis satisfies agent 2’s incentive compatibility constraint with

equality for x5 = 0. Then, if 2, = 0, in the first stage the agent proposes y, = ji5(0,0) with
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probability 1 — ¢ and randomizes uniformly among all actions in Y\ /is(0,0) with proba-
bility t. Otherwise, if 25 > 0, the agent proposes yo(z2) = fis(x2, z2). Agent 1’s proposal
strategy is y1(z1) = fis(x1, 1) for all 21 € X3, including the extreme signals. The opti-
mality of the agent 2’s behavior given signal x5 = 0 follows from incentive compatibility
of fis and our assumption that agent 2’s incentive constraint is binding at x5 = 0.

Now, we construct the value of ¢ that makes it optimal for the arbitrator to randomize
after a disagreement on the equilibrium path. The arbitrator’s beliefs after disagreement

that are induced by these strategies are given by

.
fo(x1,72)

Hs, ) ﬂg(.ﬁﬂl,xl)#ﬂ(s(l’z,ﬂh)

hé,t(I1,$2) = —tfg(o’o), T1 =29 = 0,
st

0, otherwise,

where the probability of disagreement, F[57t, is equal to

I:Izi,t =1- Z 1{,16(1;17x1):ﬂ5(5027$2)}f5(x1,ZEQ) +tf5(0,0) < §+1tf5(0,0).

351#"26)?

tf(i(oro)

Observe that for any given t > 0, i
it

— 1 as 0 — 0. Thus, for any fixed and sufficiently
small § > 0 the arbitrator prefers action 0 if ¢ = 1, whereas, by assumption, she prefers
action 1 if ¢ = 0. Consequently, there exists t*(0) € (0,1) such that the arbitrator is
indifferent about actions 0 and 1 if we set ¢ = ¢*(0). Furthermore, t*(0) — 0 as § — 0
since the probability of disagreement because of noise converges to 0 as noise vanishes.

Case 2. Assume that fis satisfies agent 2’s incentive compatibility constraint with strict

inequality for xo = 0. By y(z, ) = x and (OPy), it must be that fi5(0,0) = 0. Then, by
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(OP3) agent 2 cannot strictly prefer y, = ji5(0,0) to the threat lottery, a contradiction. m
In reference to conventional arbitration, by the same argument as in Section 4.3, we

have:

Proposition 8 If (M) holds, conventional arbitration is strictly inferior to final offer

arbitration for every positive amount of noise § > 0.

Tymofiy Mylovanov: Department of Economics, University of Pennsylvania, 456 Mc-
Neil Bld, 3718 Locust Walk, Philadelphia, PA 19104, USA. Email: mylovanov@gmail.com
Andriy Zapechelnyuk: School of Economics and Finance, Queen Mary, University of

London, Mile End Road, London E1 /NS, UK. Email: a.zapechelnyuk@qmul.ac.uk

33



Appendix: Proof of constant-threat optimality

Proof of Proposition 3. Let g be an optimal arbitration rule. Observe that by

concavity of u;(x,y) in y, i = 1,2, for any measure A,

/ui(x,y))\(dy) > (1 — /yA(dy)) wi(z,0) + </ y)\(dy)) ui(z,1), =€ X.
Hence, replacing p(z1,x2), ©1 # @2, by a lottery that puts probability [ yu(z1,z2)(dy)
on action 1 and the complementary probability on action 0 will not violate the incentive
constraints of the agents. Therefore, there exists an equivalent arbitration rule x4 in which
every threat lottery implemented after a disagreement has support on {0, 1}.

We now show that there exists a constant-threat arbitration rule p¢ equivalent to p'.
For every pair of different reports, z1, 15 € X, 71 # a9, let P(x1,25) be the probability
that u'(z1, 72) assigns to 1 after a disagreement. We extend the definition of P(-,-) to X?

by setting P(z,z) = [yp/(z,z)(dy) for all x € X. Define

Pi(z) = {P(2', )|z € X} and Py(z) = {P(z,2")|2’ € X}.
Forallz € X, p€ [0,1], and i = 1,2 let

D;(z,p) = max{0, pu;(x,1) + (1 — p)u;(z,0) — w;(x, p(x,x))}.

By construction, a deviation by agent 7 in state x leading to a lottery in )* that assigns
probability p € [0,1] to action 1 is non-profitable iff D;(z,p) = 0. Furthermore, by

definition of P(z,x),

Di(x,P(x,x)) =0, z€ X,i=1,2.
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Thus, incentive constraints (IC) can be written as
Di(z,p) =0, v € X, p€Pi(x), i=1,2. (IC)

Observe that by (OPs)

D, (z, p) is non-increasing in p for every z € X;
Ds(x,p) is non-decreasing in p for every x € X.

Let

aj(z) = infPi(z), x € X;

az(x) = supPa(z), =€ X.

By (IC) and continuity of D;(x,p) w.r.t. p, we have D;(x,a;(x)) = 0 for € X. By (4),

Di(z,p) =0, p>ai(x), v €X;
(5)

Dy(z,p) =0, p<as(z), v €X.

Define

sup a;(z) = sup inf Py (z) = sup inf P(a’, x);
zeX zeX zeX v'€X

IS
I

= inf as(x) = inf sup Py(x) = inf sup P(z/, ).
zeX zeX v’eX pex

Then, there exists p® such that p < p® <p. By (5),

Di(z,p°) =0, z€ X,i=1,2.
The result now follows from (IC’). m
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